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Quantum Chemistry and Spectroscopy

Semester one: Quantum mechanics
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Theoretical introduction and Potential function
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Classical mechanics
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Eigen Value and Eigen Function
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Eigen Valug =

Problems related to cigenvalue equations
1. Determine which of the following finctions ace eigenfunctions to the operator E—

(o): &L ) cos(ix) ; {c): b {dikx : (o) c"""J

Give the corresponding cigenvalue where appropriate

Answer,

In each case form . 1f the result is mf where w is & constant, then £ is um elgenfunciion
of the operator 2 and w s the cigenvalue

hx
(a): -di—-ihz“’, yes: cigenvalue = ik

(b): “—;‘:‘Q = =ksinkx: no
(e} % =04 ves: cigenvalue 0

(d): 4= -—tx- no[ = xsmuconstam]

=-2mra'“x2: no [ =2 is not @ constant)




2. Determine which of th ©llowing functions are cigenfunctions of the inversion operator
i {(which has the effect of making the replacement x— - x.

Answer ;

(u):x’ ~dx , (b)icoskx ;(c:):x2 +3x -1
State the cigenvalue of { when appropriate

Operate on each function with i ; if the function is
regenerated multiplied by a consiant, i1 is an eigenfunction

of I and the constant is the eigenvalye.

(b):f= coskx ; (¢)
feoskx = cosk(-kx) = coskx = [
Therefore, fis an eigenfunction with eigenvalue, +1

(c):f-x2¢3x—l
f(x2+3x-l )=x2—3x-l # (constant)*
Therefor,  not an cigenfunction to ¢



3

2
3. 1. Determine which of the following finctions sre cigenfunctions to the operatar f‘?

(@) e‘k‘ ; (D) cos(kx) ; () & S(ER kxS {ck ¢""":
Give the cotresponding eigenvalue where appropriute

In each case form (y’.lfthomsnltisufwhmmisamsmmhm J is an cigenfunctica
of the operator Q and mw isthe eigenvalue

Answern

2, dkx
(a): é_g_?_l__._gc&r' yeseigenvalue =k

{(b): ‘lz%b—q =~ coskr; ves: cigenvalue= X2
©): % =0; yes; cigenvalue

(@): Q_;_L’;‘J =0 = 0{k¥); yes cigenvaluc 0

{e): dz:;:xz o (=20 + 405 )e ™ 2 ;10

2
Hence (a,b.c.,d) are cipenfunctions of f-x-

2,

2
(Mmoigcnﬁneﬁmof‘:‘j-, but not of -i—
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Photoelectric effect



Photoelectric effect experiment apparatus.

Test metal A Electrons i
. = % .o “o\uc.eout-ﬁ”-u
i 4 “.000656. .\" ”H
>3 oo.tcocoﬁ! -. .oooo. oo 4 . %)
|
.......u,..w.ah_w....._ﬂmﬁwﬂ .w AL
areate -
TR Coredaetoy
d gweem: 3 750 x_......lt.r.!lll.

Two metal plates in vacuum, adjustable voltage between
them, shine light on one plate. Measure current between plates.

| c:aoaﬁm:m@.o the apparatus and experiment.
: Potential difference between A andB=+10V

Measure of energy an electron gains going
10 from A to B. =




Photons

E =hf No photoelectrons emitted
hf= K+ E, for hf < hf, = Ep i = &,
3\. = x:ze. + mu.a..a
mu.:zz =¢
hf = xs:mn + % 4 A
X:Ea =hf - ﬁ
'y \Aﬁqu 3\.
K| |nrf
0 0
mc

For, f> f, cutoff frequency

K,. =eAV,=hf-¢
h
Dw\h "lt\olm
e e
2 Metal | Meral 2
Keax ]
3 4 ’ ’
/ ’ '
s /
I 4 i 7
4 \s !
,Q_ ‘.. \\ \
'3 /
4 v
/ /
/ )
’ /
A
Y/ /
v?»_ ’ \
/
\.
-0 ﬁ

Metal 5
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(b) Photoele effect

. V light e
Exp't: H. /g = mé

S S S LSS S 7 metal

’ A
E!‘p“l’: KE. KE linear
Oppositel
*

% 1
) (s Vv
fhresﬁwld

Einsteln (1905) prepesed:
(1) Light is made up of energy "packets: “phetons”

(2) The energy of a photen is proportional to the light frequency

E=hv h=Planck's censtant
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Leciure ¥3

New model of photoelectric effect:

A

£

°, .......
¢

= wark functien ‘L
¢f metal

&  KE.=hv-¢=hv-hw= h(v-w)

. K IEI

Comparing o exp't, value of “h* matches the one fourd by Blanck!

Summary:

KE. = hlv- )

f - —
v.= o/h v

This was an extroordinary cesult !

{1)  Structure of atom can't be expleined classically
(2) Discrete atomic spectra and Rydberg's formula can't be explained

(3) Rlockbody radiation con be “explained” by quantifying energy of

oscillaters E = hv
(4) Photoelectric effect can be “explained” by guentifying energy of light
E=hv

poge ¥
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Photon Energies:

Typical energies

Each photon has: Energy = Plan

(Energy in Joules)
E=hf=(6.626"1034 J-s)"(f s)

E=hc/A =

(1.99*1028 J-m)/(h M)

(Energy in eV)

E=hf= (4.14*107"% V-
E= hc/i = (1240 eV-nm

ks constant * Frequency

s)*(fs™)
)/( nm)

Red Photon: 650 nm Bt = 1240 eV-nm = 1.91 eV
650 nm
Work functions of metals (in eV):
Nominum | 408V | Cesum | 2.1 | Leac | 414 |potassium 23 .
Beryllum | 5.0eV | Cobalt 50 | Magnesium | 3.68 Blatinum | 6.35
Cadmium | 4.07 eV | Copper | 4.7 Mercury 45 |Selenium 5.11
Calcium 2.9 Gold 5.1 Nickel 5.01 Silver 479
Carbon 4.81 lron | 4.5 | Niobium 23 | Sodium | 2.28 4|
| urani
_ ranium ’ 36 _
ik
b , Zinc _ 43
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Black body radiation
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Black Body

Definition of a black body

A black body is an ideal body
which allows the whole of the
incident radiation to pass into
itself ( without reflecting the
energy ) and absorbs within itself
this whole incident radiation
(without passing on the energy).
This propety is valid for radiation
corresponding to all wavelengths
and to all angels of incidence.
Therefore, the black body is an
ideal absorber of incident

radaition.

Univ. of Oregon web site







Basic Laws of Radiation
1) All objects emit radiant energy.

2) Hotter objects emit more energy than colder
objects (per unit area). The amount of energy
radiated is proportional to the temperature of
the object.

3) The hotter the object, the shorter the
wavelength (i) of emitted energy.

= This is Wien’'s Law

Amax = wpoc pm
T(K)

Tl






Speciral energy density / kJ/m? nim

BE+11

GE+11

4E+11

2E+11

Wavelength | nm




& 2000 K

ene rgy density [J/m¥]

wavalangthA [nm]

temperature
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Spectral lines of atoms



S!>€c-£va\| Iines of atoms 4 RN 'I.-.::;:.ft)‘}/,'b_;.)[

INF "’&)“'ﬁ,;Z’D’;‘)\ L2V 2000 2 )i e ) Ea2 s
A 503l oy 2l | 9052 | L Tu A b il o

W ) T
Ve cuiam | 909 P"i?
o s [ Ay [t
A7 7o b 28 D Reteggg -3¢ em!
_ R‘”')ion SCritg viawms "y na
VR, Lyman | %8 e v
Uv=~ vigible Pelm-ty 2 o4y, -
IR Baschen 3 4,5, -
IR Byaclee Lt 4 G e
i Plevend 5 6,3,--
LS 50 cxele Leys
ALZ ﬂ\z -
T oy the Eivsd end last
E xample: Dedermine v, A, E ‘f v
———aﬂu”ov Bina| lines of Fymasn amd }onlmw Seyien
Lymess M) = | ngzoor 2yl  Ng=2 J,,Y)_?u

!’ﬂ'mtv Ny =% Ny = oo j\,v)‘/ nqa=3 Ja/ |

& Y ! R
m=1 | vV =823x18" cp j,(:.'!-’L’ZXIa Ci
Ny =2

N | l*&’: 1-696377€ X195 ew”! A= F4TX10 m
N1~z W = %99 X\Ow S,_|

E'-:.h})



Esample

What is the De-Broglic wavelength 2 of an electron that has been
accelerated through @ potential difference of 100v.

E=%mv ~p2m  —p=V2mE

E =100 vx 1,602 x10™" Jev = 1.602x10™ J

P=42x9.1x10-" x 1.602 x10-"7 = 5.403 x10”™" kg m.s™

A= hp = 6,626 x 10-"1.5/5,403 x107 kgm.s™" = 1,226 x 107" = 0.1226 nm

Spectral lines of atoms

Alkali metal salts when heated to brightness and the emitted light is
analyzed through prism, we will have a serics of spectral lines corresponds
to different wavelengths.

Hy — H-H

1896 Redberg

1908 Ritz

Palmer-Redberg-Ritz

(1/4) =v=R[(1/n,* }(1/n,")] R = 109678 cm™

any spectral line is a difference between two ferms
Region spectral series n: n
oV Lyman ... 3
U.V visible Balmer — 1
IR Baschen SN
IR Brackett o %
IR Piund 7
Example : Determine the &, v, v, and E for (he first Iyman and palmer
sermes lines.

pe=2, 0= A=122%10%em, v=246x10"s" v =823 x 10" em”
p=3.m~2 h=656x10"emv=457x10"s" v=152x 10" em™
Final lyman serics

fa=ce,m=1 A=912x10%cm v=899x10%s" v=1.09 x 10° cm’

Example: what is the energy of the thind Ime of pfund scies for a hydrogen
atom in wave number, wavelength, frequency and energy.

(1) = v = Ref(1/n,2 +(1,)] = 109678(1/5%1/8") = 26323 em*
L=1/26323=38x 10" cm

o=/ h=3x10"ems38x 100 em=79x 10" s'(H2)
E=ho=3523x10%]



OJS.“J\%GSJAJ

The Bohr Model of the Atom


http://www.ece.utep.edu/courses/ee3329/ee3329/Studyguide/ToC/Fundamentals/Bohr/index.html
http://www.ece.utep.edu/courses/ee3329/ee3329/Studyguide/ToC/Fundamentals/Bohr/index.html

Example: what is the wavelength of the first three lines of Paschen series
for a hydrogen atom n pm.

(1A = v = Ryf(1/n, }-(1ns)
A= u=1Rg[n nd/ (ndn’ )= IR (90,7 / (0,-9)]  1m=4,5,6

firstline 7= 1/109678[9x 16/(16-9)] = 1.875 um.
sccond line % = 1/109678[9x25/(25-9)] = 1,282 ym
third line 7= 1/109678[9x36/(36-9}] = 1.094 um.

Example: it the longest wavelength of a series in a hydrogen atom 1s at
656.3 nm. What is the name of this series. Longest wavelength mean the
first line so we assume

m =+l

Example: One of lyman series in a hydrogen stom is st 97492.208 ¢’ |
from which n value does electron falls.

Z.=1 and lyman series n; <1

(1/A)=u=R[(1/n, mm],_’)] R =109678 co”!

97492.208 = 109678 [1/1° - 1/ny’)

n:>3

Bohr Rutherford Model of A
1911 Rutherford explained that atom contains nueleolus with most positive

charge in and_glectrons circulated arcund it in an orbit like galaxies around
Sur.

later Gieger and Marsden ete. . studies failed w explain electronic
transitions and photo cmissions,

1913 BohrDenemark and Rutherford/UK suggested several proposal to
explain differences hetween classical theory and experimental results,

1 Nucleous contain (protons ~ neutrons} and ¢lectrons circulated sround,

2. Ekectrons circulated around nucleous in a constant orbil with an angular
momentum of n{h/2g) where n is an integer = 1.2.3.

3.When electron is in the orbil. there is no emission and its energy is
constant if it did not change its orbit, This agree with the idea of the
presence of energy levels in atom with electron having constant and limited

energy,



4.Each spectral line in an atom resulted from electron transition from B, to
E, energy levels with AE = E; - E; and energy is emitted as light of quanta
of frequency v,

These were proposed for H atom (p, e, n)

We have two forees on the ¢lectron :

(a) Centrifugal force to remove electron from its arbit = (mv?) /r
{b) Attraction force of it to nucleous (coulombs law) = (Ze' )

{¢) For the equilibrium and the electron 10 stay in its orbit the two forces

must be equal i.e (Ze'y e« (mv?) it — (Ze)ir = v’ —
r= (Ze’).' mv?
my’ = (Zc* Vr— Mvr = {Ze’yv but L =mvr~ n(h2s) = nh

v = nh/{Zrmr)
afhi2z) «(Ze' v — v=(2aZc")/ nh
sor= (Ze%)/ m{{2xZe’) nh]*

r=n'h{d4n’mZe’)
E-KE+U  U=.[[(Ze")/# |dr=-{Ze)r
E= %mv'(2Ze'yr
But from above mv® = (Ze')r multiply by 1/2 gives
Y mv* = Y5 (Ze)r = (Ze'V2r

E=(z¢ V2r<Ze'V r=- (Z&'y2r ,sincer= n’h’/(dn’mle!)

E = -(2n'm7’e%) ( n'h®  therefore energy of an electron in any orbit
around atom of atomic number Z equal 1/1, 1/4, 1/9, 1/16 of energy of
first orbit.

Ex =-(2'mZ%Y) / na’h’
Eg = -2'mZ'eY) / n) "W

AE = hu = Ega— Fy, = {20mZ%’) / o'l - [22°mZ%*) / 00



1911 Rutherford explained that atom containg nucleolus with most positive charge in
arud glectrons circulated around it in an orbil like galaxies around sun.

later Gieger and Marsden otc.. studies fiiled 1o explain alecronic transitions and
photo emissicas.

1913 Bohr/Dencmark and Rutherford/UK suggested several proposal to explain
diffesences between classical theory and experimental resnlts.

1. Nucleous contain {protons + neutrons) and electrans circulated around.

2 Liectrons circalated around nucleous in o constant ocbit with an angular
momentum of n{h/2x) where n i an integer = 1,23,

3 When electron i in the orbit, there is no emission and its energy is constnt if it did
not chaage its orbit. This agree with the idea of the prisence of enerpy levels in gtom
with electron having constant and limited enecgy.

2, Each spectral ling in an atom resulted fram clectron transition from E; to E, énergy
levels with AE = E; - B and cnergy is emitted as light of quanta of frequency .
These wore proposed far H atom (p, &, 1)

We have two forces on the electron ©
(a) Centrifugal force to remove eleciron from its arbit = (v
(b) Attraction fores of it to nucleous (coulombs law) = (Ze'yr
{¢) For the equilibrium and the electron 1o stay in its arhit the two forces must be
equal i.e (Zetyr = (mv’) r— (Ze’)/r =my —

r=(Ze) my*
my? = (Ze%)r— Myr= (Ze')Jv but L= mvr=pfti2z) =t



v= Mzm)
n(hi2x) <(Ze*Wy —
v = (2anZe”)/ nh
su = (Z¢") { mi(2xZe*) nh]*
r=n’h*/(4n’"mZze’)
E=KE+U  Us=-[[(Ze") ] dr=~(Ze)r
E= Yemv (Ze’)ir
But from above mv* = (Z¢')r multiply by 1/2 gives
b mv? = Y4 (Ze2)r = (Ze)2r
E= (2 )22y r= (2€)2r ,sincer=ah/(4x'mZe’)
E=-2x'mZ'e")/ n’h’

fherefore energy of an electron in any orbit arcund atom of atomic number Z
equal 1/1, 1/4, 1/9, 1/16 of energy of first orbit.

Eo=-(2¢'mZ%e") /n'h

Eqy = «(28'mZ%e") / n/'h?

AE= o = Eya— Egy = «2°mZ?¢") £ 0! — [-@2’mZ’%") / nh’)
v = [(28mZ%e Vh'] [n, - 1iny ]
§=[(2°mZ7 e yh'e] [1/n-1in)



clectrostatic unit(esu)=e=(4.802x10""cm™® g'?5!)

& =2306'x 1077 em’ gs”
Example Calculate the radius of the first Bohr orbit of H atom.
Z=1,n=1. andr=n’h’f(dx*mZ¢e’)
w [13( 6,626 107V J/(4 x (3.141) x 9.107x107xIx {4.8x10  absecu)’
=0.529A
Example : Calculate the electron speed in the first Bohe orbit of H atom.

v = nh{2xmr) = [1( 6.626 10-")/[2 x (3.141) x 91075107 x 6.529)]
=2.188 x 10° cmis

H -+ H + clectron  fonization : from stable ny~l tony =
lonization potential = [(2x*mZ7 ¢ Wh'] [Ln,* - 1/n,’)

For H IP=2179x 10" erg
lerg = 107 Joule

[P=2.179x 10" erg x 107 Joule. erg”’ =2.179 x 10" joule

I joule = 1.602 x 107 ev

[P = 2.179 x 107% joule / (1.602 x 10 joule, ev') = 13.6
Li—L%"+e(P) Li"—LiT+e(lPy) Li"—Li"+c(IPs)
(1) = (IPa) (Z)° where 7. is the number of electron lost=3

(IP;) = (IPy) {Z)* = 13.6 (3%) = 1224 &v
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Harmonic oscillator
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trani, (¢)
A Sin (’L’!'U {a)) O frcos (2] - :
A ocost (2NVeCa8) G Gy,
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g casb Al LI A L.
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onic oscl i dimensions in term of polar coordinat
In polar coordinate we have i1, 0, ©
COs @ =X/ X=rcosQ
sm@=r/r rersiné
X ™ r. sin 0O cos @

sin @ = v/t y=rsin¢g
$in @ =r/r r=rsin®
y=r.sin0sin ¢

cos0=2r
z=r.cos b

T=Ym(x*+y +2°)
X=r.sincos ¢
X = dx/dt = (dx/dr) (dr/dt) = (dx/d6).(d0/dt) +{dx/dip).(dp/dt)
X = sin Bcos o .rt rcos 0 cos o. B+ r.sin B(- sin ¢) p
X =r sin" 0 cos’ g + 17 cos” B cos’ . 02+ 1 sin B sin’ . ¢7
The same thing for y
v=r.sin0sin @
y = dy/dt = (dy/dr).(dr/dr) + (dy/d8).(d0/dt) +(dy/dp).(dp/dt)
y=rsinf@sinp+rcosBsing. 0 +r.sinbcospy
y =r'sin’ Bsin” @ + ¥ cos™ sin’p 67 + 1’ sin’ 0 cosp ¢
z=r.cos0
z = dz/dt = (dz/dr) {dr/dt) + (d2/d0).(d8/dt) +(dz/d o){de/dt)
z=rcosf-rsinf®.0+0

2=rcos? 0+ rsin’0.6°



x 'z = sin’ Ocos’ @ +£§Q$9~,¢°ﬁiﬂhﬂf + ¢ sin’ Osin’ 0. 9" +
Fsin’ 0 sin® o + Feos’d sin‘e 8 + ¥ sin® B cos o ¢° + r cos” 0
i @
ot B tha 2 0 4 Pein? [ ein? +l200$29*CQFEJI':Qi'!!$‘§!2 8+
r'eos’d sin‘p 6 + ¢ sin’ Bsin’ 9. @° + 1" sin” B cos*p o +7sin” 6.6°
- s B p i)+ o 0+ 0’0, (on g i)
¢ sin” 0 " (sin’ p + cos *p) + Psin® 6 0

=@ gn’ B+ cos” O+1° cos 0. 07+ Csin" 0 .07 + 1 sin” 0 ¢

= r*(sin® @+ coa® 0) + r* sin’ 0 @° + ¢ 6 (cos’ 0 4 sin’0)

=r+rsn 8 +r @

=P +Fr @ +Psin’0¢°

T = m(x* +y'+2°)

Tevm(r+r@+rsn g )

V=%CK +y4)=%Cr C={4x" mvg" )
=YhArmuy )
=2 mu, ¢
(1) Lagrange equations of motion in term of r
(d/dt)(L/ér) - (FLicr)=0  L=T-V
T=%m(r+Fe+rsin8¢’)
(ddy@erfamr + 4 m e + % mr sin 8¢ j<{eVier)- (ELien) =0
(d/dt) [mr+ 0+ 0-0- (AL/ar) = 0



(d/ét) [mr- &an(T-V)}=0
(d/dt) [m r- ¢T/or +6Vidr] = 0
(did)[mr—(mr0 +mrsin'0¢") +dr’ muo’r =0
(2) Lagrange cquations of motion in term of ¢
(ddOOL/Ey) - (CLGp)=0 L=T-V
(d/dt) [0 {2 me + mred + %mr sin® B9°) - (EV/EQ)
-0fog (B mr +%mret + % mrsin® 8 ¢') - (BV/2 ) = 0
= (d/dt)} m " sin” 0. p}-0=0

dAd)ALiap) - (PL/EQ) = (d/dt)| m ¢’ sin® 6. o)

(3) Lagrange equations of motion in term of 0

(/) oL/en) - (L) =0 L=T-V

(d/d) [230 (4 m P + Ym0 + % mr sin® 097} - (EV/E 6)
~3/00 {Yamr +mre ~%mr sin’ 8¢} - (EV/E0) =0
(d/dt) [0+ m 8 + 0-0]-{0 + 0+ (2/2) m r* sin § cos 0 ¢°) =0

This is because sin® 0 = sin 8. sin #
(Vé0)=sin Bcos B+ cosBsinB=2snbBcos

(d/de)(FL/30) - (EL/E0) = (d/de) [ m ©*B - m r* sin O cos 0 ¢° | =0
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Molecular potential energy

internuclear separation
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Uncertainty principle
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\ Heisenberg Uncertainty j
Principle

e Example: Location an Electron.

e The speed of an electron is measured to
have a value of 5x10°m /s to an accuracy of
0.003% | Find the uncertainty in determining
the position of this electron.

& g y
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Heisenberg Uncertainty /
Principle

e The momentum of the electron is
p=mv=(9.11x10""%g)-(5x10°m/s)

=4.56x10"*" kgm/ s
e Since the uncertainty is 0.003% we get
Ap =0.00003p =1.37x10"" kgm/ s

3 g
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De Broglie Equation



de Broglie equation

* Describes wave characteristics of particles

s Planck’s constant.
momentum
h h=6.626 x1073 Jes
e —
mey J=kgm?/s?

momentum = massevelocity

F, = 2NV mass in kilograms!!!
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Schrodinger equation


https://en.wikipedia.org/wiki/Schr%C3%B6dinger_equation
https://en.wikipedia.org/wiki/Schr%C3%B6dinger_equation
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Conditions and hypothesis of a wave function
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2. The wave fanction  must he quadratically integrable This means thst the integral
j-r' w 4T must exist,

3. Since [i" v dr is the protubility density, It mast be single valued.

4. The wave functions must form an orthonormal set. This means tsat
* the wave fanctions must be normalized,

]wf v,dr =1
* the wave functions must bct;;thogonl.
'jp’,' w,dr =0
OR ]'gv,' W dr= & where ;-lwhsni-jmd 8y = 0 whet iwj
&y is ealled Kronecker dekta

5. The wave fusction must ke finite everywhere.

6. The wave function must satisfy the boundary conditions of the quantum mechanical
syslem it represents,
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' A unitary operator preserves the “'lengths" and “angles" between
vectors, and it can be considered as a type of rotation operator in abstract
vector space. Like Hermitian operators, the elgenvectors of a unitary
matrix are orthogonal. However, its eigenvalues are not necessarily real.

Postulates of Quantum Mechanics

In this section, we will present six postulates of quantum mechanics.
Again, we follow the presentation of McQuarrie [1], with the exception of
postulate 6, which McQuarrie does not include. A few of the postulates
have already been discussed in section 3.

Postulate 1. The state of a quantum mechanical system is completely

¥ir. i
specified by a function ( )that depends on the coordinates of the
particle(s) and on time. This function, called the wave function or state

‘ ' ' {r,)¥(r, tidr _
function, has the important preperty that Is the probability

that the particle lies in the volume element Zzlocated at Zat time L.

The wavefunction must satisfy certain mathematical conditions because
of this probabilistic interpretation. For the case of a single particle, the
probability of finding it somewhere is 1, so that we have the normalization
condition '

Wir, )0{r, tdr =1 (110)

It is customary to also normalize many-particle wavefunctions to 1 £ The
wavefunction must also be single-valued, continuous, and finite.

Postulate 2. To every observable in classical mechanics there
corrasponds a linear, Hermitian operator in quantum mechanics.

This postulate comes about because of the considerations raised in
section 3.1.5: if we require that the expectation value of an operator Ais
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real, then Amust be a Hermitian operator. Some common operators
occuring in quantum mechanics are collected in Table 1.

Table 1: Physical observables and their corresponding quantum

operators (single particie)
Sk ey > >
- sl ,s_-,:n Fal
Positionga sl £ :  Multiply by ¢
i p -1 432 +EE
Momentumas al dus P P w545 k)
Kinetic energy
38 ) ) T ? R t+H+E)
Potential energy o ) ) Vic)
23Sl Ak Multiply by
Hamiltonian B2, B X i
H i (& E) V)
i slgd
Total energy ‘
igml FEDA E E | Ifee%
Angular momentum .
g : Lo —in(yd—22)

A haal 351301 48 ) das
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Postulate 3. In any measurement of the observable associated with

| operator A, the only values that will ever be observed are the eigenvalues
&, which satisfy the eigenvalue equation

A¥ = o¥ (117)

This postulate captures the central point of quantum mechanics—the

- values of dynamical variables can be quantized (although it is still
possible to have a continuum of eigenvalues in the case of unbound
states). If the system is in an eigenstate of Awith eigenvalue 2, then any
measurement of the quantity Awill yield 2

Although measurements must always yield an eigenvalue, the state doss
not have to be an eigenstate of Ainitially. An arbitrary state can be

z.i\l?i = Q,w,')
expanded in the complete set of eigenvectors of A( as

‘I’=ZGAW¢ (112)

s
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where Zimay go to infinity In this case we only know that the
measurement of Awill yield one of the values a‘. but we don't know which |

one. However, we do know the probabilily that eigenvalue “will occur—it
s a

iy
is the absolute value squared of the coefficient, (cf. section 3.1.4),
leading to the fourth postulate below.

An important second half of the third postulate is that, after measurement

| of I yields some eigenvalue “ the wavefunction immediately

“collapses” into the corresponding eigenstate W'(in the case that “is
degenerate, then wbecomes the projection of Tonto the degenerate
subspace). Thus, measurement affects the state of the system. This facl
is used in many elaborate experimental tests of quantum mechanics.

Postulate 4. If a system is in a state described by a normalized wave
function ¥, then the average value of the observable corresponding to
Ais given by

cAs= [ ©Adwd (113)

Postulate 5. The wavefunction or state function of a system evolves in
time according to the time-dependent Schradinger equation

H{r i) = ia%f- (114)

The central equation of guantum mechanics must be accepted as a
postulate, as discussed in section 2.2,




Postulate 6. The total wavefunction must be antisymmetric with respect
to the interchange of all coordinates of one fermion with those of another.
Electronic spin must be included in this set of coordinates.

. The Pauli exclusion principle is a direct result of this antisymmetry
principle. We will later see that Slater determinants provide a convenient
means of enforcing this property on electronic wavefunctions.
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Particle in a box problem
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Particle in a Box——— Simple model of molecular energy levels,

- - \._/ . \P/ _ Anthracene 7 electrons — consider “free”
[O]OTO in box of length L.
o ./._.\ e Ignore all coulomb interactions.
| |
T L—| L~64
E f S, Calculate wavelength of absorption of light,
Form particle in box energy level formula
AE x
3h
AE=E,-E,=—_
E, S, 8ml
m=m,=9x10"" kg AE =hv
L=6A =6x10™" m v=AE/h=7.64x10" Hz
h=6.6x10" Js A= ¢/v=393nm blue-violet

AE =5.04x10™"° J Experiment = 400 nm
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{a) The energy spacing between successive states gets progressively
larger os n increases

E,=25E,
E. -ﬁ,.—.[(nﬂ)’-n’J <55
> 8ma’
E, =168,
E,=9F E.i—B,= [Zn + l] L'I
I =4E
E= h’/Sm:

(b) The wavefunction \v(x] is sinusoidal, with the number of nodes
increased by one for eech successive state

A,=af? w, = Bsin(dnxfa) (3 nodes)
A, =2af3 = Bsin('}}t.t/a} (2 nodﬁ]
A =2aln | . # nodes = -1
e V.= Bsin(hx/a {l node}
AI =2 V= Bsin(xr/a) (0 nodcs)

0 y—» @

(¢} Theenergy spacings increase os the box size decreases.
~ 1
E O w—
a



> 3
>

E,-168,
vix
Egnitty
Figure 1, Potential well
et and lowest energy levels
2 1
for particle in a box.
Eywne/8ma®
o X o

This potential &= represented by the dark lines in Fig. 1. Infinite poteatial
energy constitute an impenetrable barrier. The particle is thus hound to a
potential well. Since the particle cannuot penetrate bevond z =0 or = = o,

PWz)=0 for <0 and zr>a {10)

By the requirement that the wavefuuction be continuous. it must be true
as well that

$(0) =0 and ) =0 ()

which constitutes a pair of boundary conditions on the wavelunction within
the box. Inside the bax, V(2) = 0. so the Schridinger equation reduces to
the free-particle form (1)

—%f:nﬁ"[z) =Ey(z), 0<r<a (12}
We again have the differential equation
W)+ (e)=0 with §* =2mE/#? (13)
The geuneral solution can be written

P{z) = Asinkx + Beoskx (14)

3



The first fow eigenfunctions and the corresponding probability distributions
are plotted in Fig. 2. There is a close anslogy between the states of this
quantun system and the odes of vibration of a violin stying. The patterns
of standing waves on the string are, n fact, identical in form with the
wavefunctions (24),

Yalx) r@\//\ e XN

P00 03 6d FNE N

Yt

Y200 \j 0,00 |/

P, (x) pqx) A

Q x a (8] % a

Figure 2. Eigenfunctions and probability
densities for particle in a box.

A significant feature of the particle-in-a-box quantum states is the oc-
currence of nodes. These are polnts. other than the two end points (which
are fixed by the boundary conditions), at which the wavefunction vanishes.
At & node there is exactly zero probability of finding the particle. The
nth guantum state has, in fact. 1 — 1 nodes, It is generally true Lhat the
pumber of nodes increases with the energy of 4 guantum state, which can

3



be rationalized by the following qualitative argunent, As the number of
nodes increases, so does the number and steepness of the “wiggles' in the
wawofunction. It’s like skiing down a slalom course. Accordingly, the av-
erage curvsture, given by the second derivative, must increase. But the
second derivative is proportional to the kinetic energy operator. Therefore,
the more nodes, the higher the energy. This will prove to be an invaluable
guide in more complex quantum systems.

Ancther important property of the eigenfunctions (24) applies to the
integral aover a produet of two daifferent eigenfunctions. It is easy to see from
Fig. 3 that the integral

_[) 5 ya(x) iz} dr =0
| 27 T /\\"M
N/ A

Figure 3. Product of n=1 and n=2 eigenfunctions.

To prove this result in general, use the trigonometric ideniity
sine sind = %[coa(a — A) —cos(a + 3]

to show that A
j Youl#) Balx)de =0 I m#En (28)
0
This property is called orthogonelity. We will show in the Chap. 4 that
thiz is a general result for quantum-mechanieal eigenfunctions. The nor-

malization {22) together with the orthogonality (25) can be combived iuto
a single relationship

[ Sl =E (26)

in terms of the Kronecher delta

oz o lifm=n
= 10ifmédn
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The free particle
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